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0. Introduction 
By a hyperbolic manifold, we mean a Riemannian manifold with constant sectional 
curvature -1. It is known by several ways that the isometry group of a hyperbolic 
manifold of finite volume is finite. On the other hand, Greenberg has shown in [3] 
that every finite group is realized as the full conformal automorphism group of 
some Riemann surface of hyperbolic type. Since such a Riemann surface, which is 
a 2-manifold with a conformal structure, inherits a unique conformally equivalent 
hyperbolic structure through the uniformization theorem, there are no limitations 
on the group structure of the full isometry group of a hyperbolic manifold in 
dimension 2. 
In this paper, we first give a quick proof of the theorem of Greenberg quoted 
above, and then along the same line we show, raising the dimension by one. 
Theorem. Every jinite group is realized as the full isometry group of some closed 
hyperbolic 3 -manifold. 
An immediate corollary to this is the following. 
Corollary. Any jinite group occurs as rO( Diff M) for some closed 3 -manifold M. 
We save a summary of the construction for the end of our proof of Greenberg’s 
theorem in the next section. We note here that our tools are Thurston’s uniformization 
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theorem [6,12] and hyperbolic Dehn surgery theory [ll], and hence the method 
works only in dimension 3, though ‘no limitations on the group structure’ is expected 
for all dimensions. 
1. Theorem of Greenberg 
We first state a theorem of Greenberg. 
Theorem (Greenberg [3]). Let G be a finite group. Then there is a Riemann surface 
so that its full conformal automorphism group is isomorphic to G. 
The Riemann surfaces Greenberg constructed are closed. Here we give a very 
simple construction of noncompact Riemann surfaces of finite area with the same 
property. 
Proof. Let G be a finite group generated by n elements. Take a closed Riemann 
surface 1, of genus n and a surjection K : ~~(2~) + F,,, where F, is a free group of 
rank n. Then choose a surjection p : F, + G and take the covering surface 2 of E, 
associated to Ker p * K. The group of conformal automorphisms of 2, which we 
denote by Conf(E), is a finite group and obviously contains the group of covering 
transformations on E,,, which is isomorphic to G. We let G* be this subgroup of 
deck transformations. 
The action of Conf(.X) is free away from finitely many singular points that have 
nontrivial stabilizers. Choose any nonsingular point p E I. Then Conf(E) acts simply 
transitive on {g . p (g E Conf(Z-)}. That is to say, Conf(X) acts on this point set freely 
and transitively. Denote by P the G*-orbit of p, {g . p 1 g E G”}, and we let ZP be the 
subgroup of Conf(1) which leaves P invariant. Then ZP is precisely equal to G* 
which is isomorphic to G. 
Our Riemann surface is J5 - P. Let us show that Conf(E -P) is isomorphic to G. 
First, any conformal automorphism of E leaving P invariant induces a conformal 
automorphism of 2 -P. Hence ZP injects to Conf(X - P). Conversely any conformal 
automorphism of 2 - P extends uniquely to a conformal automorphism of E leaving 
P invariant, hence Conf(X -P) injects to ZP. Since both ZP and Conf(X - P) are 
finite, both injections turn out to be isomorphisms, and we are done by recalling 
the isomorphism Z, = G. 0 
Remark. Translating to the hyperbolic geometry through the uniformization 
theorem, we have equivalently shown that Isom+E -P is isomorphic to G. If we 
choose p E _E also away from the l-dimensional singular sets of possible orientation 
reversing isometries with respect to a corresponding hyperbolic structure on 2, then 
the resultant hyperbolic surface 2 -P admits no orientation reversing isometries. 
Hence Isom+E - P = Isom .E - P and our realization turns out to be the full isometry 
group of 2 - Z? 
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Basically along the line in the proof above, we will construct a hyperbolic 
3-manifold, however there will be several technicalities. To keep the outline in mind, 
we summarize the proof: 
(1) choose a surface X;, whose 7rTTI surjects onto a free group, 
(2) find a point set in a G-cover 2 of 1, on which Conf(E) acts simple transitively, 
(3) give a conformal structure on the complement of the G*-orbit P and 
(4) check the relation between Conf(1) and Conf(t; -P). 
We start with the construction of a hyperbolic 3-manifold having the property 
(1) with some technical properties in the next section. We attain the process (2) by 
replacing the point set by the set of components of closed geodesics. This is the 
content of Section 3. As the corresponding step to (3), we quote Sakai’s observation 
[8] in Section 4, that the complement of simple closed geodesics in a hyperbolic 
3-manifold is again hyperbolic. We then find in Section 5 a nice relation between 
their isometry groups as in the step (4). However the relation we prove is not sharp 
enough for our purpose. Filling up that gap by the hyperbolic Dehn surgery theory 
[ 111, we complete the construction in the last section. 
2. Fundamental groups 
Our construction starts with a proposition. 
Proposition 1. Given n 2 2, there is a closed orientable hyperbolic 3-manifold M so 
that M contains a totally geodesic surface .Z;, and so that T,(M) admits a surjection 
p onto F,, with p(~~(1)) ={e}. 771 e g enus of 2 can be chosen to be arbitrary large. 
One of the direct corollaries of Thurston’s uniformization theorem [6,12] is that 
a compact orientable irreducible 3-manifold with incompressible nontoral boundary 
admits a hyperbolic structure with totally geodesic boundary provided that it contains 
no essential tori and annuli. Thus we may end the proof of the proposition by 
choosing such a compact manifold with nonzero second Betti number, giving a 
hyperbolic structure on there by the above corollary and taking its double. However 
we prefer rather a simple and explicit construction. 
Proof. We construct one such M with a surjection p of n,(M) just onto F2. This 
is sufficient because F2 contains, for any n 3 2, a subgroup of finite index which is 
isomorphic to F,,. Hence the finite cover of M associated to the preimage of that 
subgroup by p has the properties we require. 
Take the truncated regular hyperbolic tetrahedra whose dihedral angles are ~-r/2 
and r/n, where n a 4. The faces will be named as in Fig. 1. Take the double along 
four faces A, B, C, D and we get a hyperbolic orbifold 0 with totally geodesic 
boundary. It has 4 boundary components. Since 0 is hyperbolic, it is finitely covered 
by a manifold, say N. N is a hyperbolic manifold with totally geodesic boundary, 
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Fig. 1 
with at least three boundary components. Our manifold M is the double of N. M 
certainly contains a totally geodesic surface 2 corresponding to a component of 
8N. We have a continuous map of N to a starlike tree by projecting each collar of 
aN down to the interval factor and shrinking the complement of the collar to a 
point. It extends to a continuous map of M to the graph obtained by doubling that 
tree along the boundary vertices. This map induces a surjection of r,(M) onto a 
non abelian free group. Composing it with a surjection of that free group onto F2, 
we get p. Since 2 projected down to the point in the graph, r,(Z) is mapped to 
{e1 by P. 
The Euler characteristic of 2 is some integral multiple of xorb (a component of 
a0) = (3 - n)/n, and hence it can be made arbitrarily large by taking n large 
prime. 0 
3. Closed geodesics 
We next wish to find a system of closed geodesics on the components of which 
the group of isometries acts simple transitively. Such a system seems to exist entirely 
in general, however we use the existence of a totally geodesic surface of genus 23 
in the argument below. 
Proposition 2. Let Mbe a closed orientable hyperbolic 3-manifold with a totally geodesic 
surface 2 of genus >3. Then there is a simple closed geodesic 1 on 2 so that, for any 
g E Isom+M, g(l) # 1 unless g = e. 
Before proving the proposition, we review some facts about the projective lamina- 
tion space. Details can be found in [l]. A measured lamination on a hyperbolic 
surface 2 is a closed set formed by disjoint simple geodesics with transverse measure. 
A simple closed geodesic with counting measure is a measured lamination. The set 
of measured laminations becomes a space with the measured topology. The projective 
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lamination space 92(E) is the quotient space of the measured lamination space 
by the projectification. 99(x) is homeomorphic to the sphere and contains a dense 
subset S formed by the simple closed geodesics with projectivized transverse 
measure. Since every simple closed geodesic with transverse measure is projectively 
equivalent to one with counting measure, S can be canonically identified with the 
set of all simple closed geodesics. The natural property of 9’~(~) is that the mapping 
class group of E acts on there by homeomorphisms. 
Lemma 3. Let E be a closed orientable hyperbolic surface. Suppose that a homeomorph- 
ism cp : I+ 2 induces the identity on 93(E), then either cp is isotropic to the identity, 
or the genus of 2 is 2 and cp is isotropic to an orientation preserving involution with a 
quotient space homeomorphic to S2. 
Proof. The assumption says that cp preserves every projective lamination up to 
isotopy. In particular, its induced automorphism on H1(l; Iw) is +Z and hence cp 
preserves orientation. Recall the classification of surface automorphisms up to 
isotopy by Thurston [ 1, lo]. Since a pseudo-Anosov homeomorphism preserves only 
two laminations on 99(x), p cannot be in this class. A reducible homeomorphism 
has by definition a maximal invariant family Z of disjoint simple closed curves on 
2:. If 2 -Z contains a component not homeomorphic to a pair of pants, then there 
is a noninvariant simple closed curve in that component even up to isotopy. If not, 
then either some component of Z is not invariant, or some transversal simple closed 
curve to Z is not invariant even up to isotopy. In any case, there is a noninvariant 
simple closed curve for the map in question even up to isotopy. Hence cp cannot 
be reducible. 
Thus cp is isotopic to a periodic map. Choose a periodic representative T of cp 
and think of the orbifold 0 = E/r. Since r is orientation preserving, the underlying 
space X0 of 0 is again a closed orientable surface. Since dim H,(Xo; R) is the 
dimension of the subspace of Z-Z,(E ; R) fixed by T* , it is equal to dim Z-Zr(E ; R) or 
0 according to whether 7% = Z or -I. Then the first case occurs only when 7 is the 
identity, because in this situation x(x) =x(X,) iff 0 has no singularities. In the 
second case, X0 is homeomorphic to S* and r turns out to be an involution. Then 
it is easy to find a noninvariant simple closed curve for T even up to isotopy provided 
genus(z) 3 3. When genus(E) = 2, T actually leaves the free homotopy class of each 
simple closed curve fixed and hence induces the identity on PL(x). q 
Proof of Proposition 2. Denote by H the stabilizer of E, {g E Isom+ M 1 g(x) = 1). 
Since H consists of orientation preserving isometries of M leaving the totally 
geodesic surface _E invariant, any g E H -{e} acts on 1 as a nontrivial isometry, 
which is never isotopic to the identity. We let S, be the set of simple closed geodesics 
which are invariant by g E H, that is, S, = (1 E S 1 g(1) = 1). Recall that S is a dense 
subset of 9.9?(I) formed by simple closed geodesics. S, (g # e) is a subset of S no 
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elements of which have the property in the conclusion of Proposition 2. To see that 
this is a small set, recall also that 99’(E) is homeomorphic to the sphere on which 
g acts as a nontrivial periodic homeomorphism by Lemma 3. Then by a topological 
result of Newman [7], the fixed point set of g( # e) is a border set. Hence S,, which 
is a subset of that set, is nowhere dense. 
The other geodesics we must eliminate are created by the intersection of 2 with 
g(E) for g E Isom+M but not in H. Since 2 was totally geodesic, E n g(2) consists 
of finitely many closed geodesics unless 2 = g(Z). We let 1, be the set of simple 
closed geodesics on 1 which are contained in the intersection with g(E), that is 
1,={IESJlcg(Z)n_VX}. 1, is a finite set if g C? H and in particular the union 
(U geH &.)u (u geH-(el S,) is still nowhere dense in 99(X). Any simple closed 
geodesic not in this nowhere dense subset in C%%‘(Z) has the property in the 
proposition and such a geodesic certainly exists since S is dense in 99(E). 0 
4. Geodesic links 
In a hyperbolic manifold M, there is a unique closed geodesic in each free 
homotopy class of closed loops. That is to say, every closed geodesic uniquely 
corresponds to a conjugacy class of elements in n,(M). A prime geodesic is a 
geodesic without wrapping and hence a prime closed geodesic corresponds to a 
conjugacy class of primitive elements in T,(M). A prime closed geodesic is not 
necessarily simple as a closed curve. It may have self intersections. We call a set of 
prime closed geodesics in M a geodesic link. 
A geodesic link may not be simple as a set of closed curves. We here call a 
geodesic link simple if it is a disjoint union of simple closed geodesics. A simple 
geodesic link is a link in the usual sense, but not a priori a simple link in the usual 
sense, that is a link without essential, non-peripheral tori in its complement. 
To give a hyperbolic structure on the geodesic link complement, we quote Sakai’s 
observation, of which we give a direct proof for the reader’s convenience. 
Proposition 4 (Sakai [S]). Let M be a closed orientable hyperbolic 3-manifold and let 
L be a simple geodesic link. Then M-L admits a complete hyperbolic structure of 
jinite volume. 
Proof. We will show that the exterior of L, which we denote simply by E, is 
irreducible, contains no essential, non-peripheral tori and admits no Seifert fibra- 
tions. These topological conditions are precisely the assumption of Thurston’s 
uniformization theorem [6, 121 for manifolds with boundary, which gives us a desired 
hyperbolic structure on M-L. 
The first and last conditions are quite easy to verify. The irreducibility is obvious 
since M is irreducible and since no closed geodesics lie in a ball. If E admits a 
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Seifert fibration, then since E is the exterior of a link in M, M either admits a 
Seifert fibration or is not irreducible. In neither case could M be hyperbolic. 
We will check the second condition in the rest of the proof. Suppose there is an 
incompressible torus T c E. Since M is hyperbolic, T must be compressible in M. 
Hence there is a compressing disk D for T in M. Let n: lh13 + M be the universal 
covering of M. Choose a component of K’(T) and denote it by ? Since D lifts 
to the universal cover, ? is homeomorphic to either the torus or the open annulus. 
We also choose a lift fi of D in W3 which touches ? 
Suppose first that f is homeomorphic to the torus. Then it is incompressible in 
W3 - r-‘(L) since so is T in M-L. Take a large open ball B in W3 containing ? 
Notice that ? is incompressible also in B- F’(L). Since K’(L) consists of 
geodesics, B - n-‘(L) is homeomorphic to an open handlebody. In particular, 
B - C’(L) contains no closed incompressible surfaces, and we have obtained a 
contradiction. 
Suppose next that f is homeomorphic to the open annulus. Since Y? is invariant 
by the deck transformation of some element y E r,(M), each end of f approaches 
a single point in S$. Let 6 be the closure of the component of W3 - ? whose end 
meets Sk in exactly these two points. Since fi is equivariant by the deck transforma- 
tions and invariant only by the subgroup generated by y, the projection : fi + n-( fi) = 
U is an infinite cyclic covering and 8CJ = T. 
The lift 6 is contained in fi since r,( ?“) + rr1(W3 - fi) is injective. Hence fi 
contains a single component of n-l(L) having the same accumulation points as fi 
Let I be that component, which is nothing but the axis of y. Since 1 is a geodesic, 
~,&I3 - I) is obviously isomorphic to the infinite cyclic group Z. On the other hand, 
there is a splitting of W3 - I by -? Since f is incompressible both in W3 - int fi and 
fi - Z, ~i(lH13 - 1) is isomorphic to the amalgamated product of rr1(W3 - int fi) and 
rl( fi - I) over rr,( ?) = Z by Van Kampen’s theorem. Hence to get Z as the result 
of amalgamation, r,( U - I) must be isomorphic to Z. Now U n E is the exterior 
of z-( I) in U and is a deformation retract of U - r(l). The intersection of 6’( U n E) 
with fi is an infinite cyclic covering space of U n E and its fundamental group is 
isomorphic to r,( fi - I) = Z. Hence by the fibration theorem of Stallings [9], U n E 
fibres over the circle so that a fibre has the fundamental group isomorphic to Z. 
Since M is orientable, the fibre must be homeomorphic to the annulus and U n E 
is homeomorphic to T2 x I. Thus T is parallel to the component of 8E corresponding 
to m(I) and hence is not essential. 0 
5. Isometries of complements 
Let M be a closed orientable hyperbolic 3-manifold and let Lc M be a simple 
geodesic link. By Proposition 4, M -L admits a complete hyperbolic structure. We 
denote by IL the group of isometries of M leaving L invariant. It is a subgroup of 
Isom M. We also denote by EM the group of isometries of M-L which leave 
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meridional classes for L invariant. This is a subgroup of Isom M-L. We may say 
that EM is the group of isometries of M-L which extend to homeomorphisms of 
M. We here study the relation between IL and EM. 
Restricting the domain of 4 E IL to M -L, we get a homeomorphism r+. Then 
by Mostow rigidity, r+ is homotopic to an isometry rest(+) of M-L, and the map 
rest : IL + Isom M-L is a homomorphism. It is an injection. To see this, we recall 
an algebraic implication of Mostow rigidity, that the isometry group of a hyperbolic 
manifold is canonically isomorphic to the outer automorphism group of its funda- 
mental group. Then the injectivity becomes clear because 4 induces an inner 
automorphism on T,(M) if r+, induces an inner automorphism on rl(M - L). 
Furthermore, 
Lemma 5. r, is properly homotopic to rest( 4). In particular, 4 is orientation preserving 
iff so is rest(+), and the map “rest” is injective to EIM in Isom M-L. 
Proof. Choose a +-invariant neighborhood U of L and we let R, be the restriction 
of 4 to M - U. We isotope rest(+) in a neighborhood of cusps so that it leaves U 
invariant. We also let Rest(+) be the restriction of the resultant map to M - U. 
Since M - U is a deformation retract of M-L and since r+ is homotopic to 
rest(4), R, and Rest( 4) induce the same outer automorphism of ri( M - U). M - U 
is an Eilenberg-Maclane space and contains no essential annuli since M-L has a 
hyperbolic structure of finite volume. Hence we can construct a homotopy between 
R, and Rest(4) relative to the boundary in Johanson’s sense [4]. This homotopy 
extends to a proper homotopy between r+ and rest(+). 
In particular, r+ and rest(4) induce the same homomorphism on H,(M - L, U), 
and hence the action of r, and rest(4) on the orientation class are the same. Also 
in particular, since r+, leaves meridional class invariant, so is rest(4) and hence 
rest(4) is contained in E,. 0 
We have a geometrically nice converse to this lemma. Extending the domain of 
4 E EM to M, we get a homomorphism e,. Again by Mostow rigidity, e+ is homotopic 
to an isometry ext( 4) of M. The map ext : EM + Isom M is a homomorphism. 
Proposition 6. Let M be a closed orientable hyperbolic 3-manifold and let Lc M be 
a simple geodesic link. Then the map “ext”’ of EM is an injection to IL c Isom M. 
Proof. We first show that ext(4) leaves L invariant. Since ext(4) is homotopic to 
e+ and since e, leaves L invariant, ext(4) leaves the set of free homotopy classes 
of the components of L invariant. Then since L consists of geodesics, ext(4) must 
leave L invariant by the uniqueness of geodesics in a free homotopy class. 
The following is a very quick argument for the injectivity suggested by Sakuma. 
Since EM extends to an effective group action on M, the group of extensions naturally 
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injects to Out r,(M) by Borel’s theorem, (see for instance [2]). Hence identifying 
Out r,(M) with Isom M by Mostow rigidity, we obtain the injectivity. 0 
6. Dehn surgeries and construction 
We prove the theorem in this section. That is, given a finite group G, we construct 
a closed hyperbolic 3-manifold whose isometry group is isomorphic to G. 
Let G be generated by n elements. Take a closed orientable hyperbolic 3-manifold 
N with a totally geodesic surface E of genus 23 so that its fundamental group 
admits a surjection K : rTT1( N) + F,, with K( r,(E)) = {e}. Such N exists by Proposition 
1. Then choosing also a surjection p : F,, + G, we take a covering space M of N 
associated to Ker p . K. Isom+ M is a finite group and obviously contains the group 
of covering transformations on N which is isomorphic to G. We let G* be this 
subgroup of deck transformations. Since p( ml(E)) = {e}. 2 lifts to M. Choose a lift 
3 and take a simple closed geodesic 1 on 2 so that, for any g E Isom+M, g(l) # 1 
unless g = e. Such I exists by Proposition 2. Isom+M acts on the set {g(l) ]g E 
Isom+M} simple transitively. Since g(T) n .f is empty for any nontrivial g of G*, 
the G*-orbit of I forms a simple geodesic link, which we denote by L, L = UgtG* g(l). 
Then by Proposition 4, M-L admits a complete hyperbolic structure. It is obvious 
by the construction that the subgroup ILc Isom+M is precisely equal to G* and 
hence is isomorphic to G. 
Claim. 7’he subgroup EL c Isom+M - L is isomorphic to I: c Isom+M and hence G. 
Proof. First of all, Lemma 5 implies that the subgroup I”, c Isom+M injects by the 
map “rest” to E”, c Isom+M - L. On the other hand, using the assertion of Proposi- 
tion 6 for orientation preserving isometries, we have that EL injects by the map 
“ext” to 1;~ Isom+M. Since both are finite groups, EL must be isomorphic to 11 
and hence G. 0 
Let E be the exterior of L in M. Choose a meridian-longitude system on a 
component of aE. That is a pair of simple oriented loops which intersect at a single 
point. Then send this system to the other components of aE by the G*-action on 
E. It uniquely defines a meridian-longitude system on each component of aE since 
G* acts on the components of aE simple transitively. 
We are now interested in a special kind of Dehn surgery, which we call the 
simultaneous Dehn surgery with a coefficient P/Q E Q u (00). That is the sewing of 
solid tori to all components of ?JE so that every surgery slope is P/Q with respect 
to our choice of meridian-longitude systems. We denote the resultant manifold of 
the simultaneous P/Q-surgery along Lc M by M(L; P/Q). In this notation, M is 
M( L; l/O). 
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We note that any element of rest II= E “, c Isom+M - L extends to a homeo- 
morphism of the result of any simultaneous Dehn surgery along Lc M by the 
definition of the meridian-longitude systems. On the other hand: 
Lemma 7. There are only finitely many surgery slopes P/Q so that an isometry of 
M-L not in EL extends to a homeomorphism of M( L; P/Q). 
Proof. First notice that there are only finitely many homotopy classes of isometries 
on M -L since it is hyperbolic. Thus we will be done by checking the claim for 
each isometry not in EL. Choose an isometry 4 not in EfNI. Then either it is 
orientation reversing or it is orientation preserving and does not leave meridional 
classes of aE invariant. Notice that an orientation reversing isometry of M-L 
reverses the orientation of aE. We now give the argument which works for both 
cases. First identify a component of aE with its image by 4 so that the meridian- 
longitude systems are the same. In the orientation preserving case, we choose the 
component containing the meridian which was mapped to a nonmeridional loop. 
Then 4 induces an automorphism of the torus which does not leave all free homotopy 
classes of loops invariant. Such an automorphism has at most two invariant free 
homotopy classes of loops corresponding to eigenvectors of the induced homo- 
morphism on the homology. To extend $J to the result of surgery, 4 must send a 
surgery slope to a surgery slope. Since our surgery is simultaneous, the possible 
slope need to be invariant by 4. Hence we have at most two slopes with which 4 
extends to the result of simultaneous surgery. 0 
Let us go back to our construction. Recall the hyperbolic Dehn surgery theory 
of Thurston [ll]. It says that if /Pl+lQI ’ 1 g is ar e enough, then M(L; P/Q) admits 
a hyperbolic structure and the dual link L* c M( L; P/Q) attached by the Dehn 
filling consists of short geodesics. See Lemma 5.1 in [S]. At this stage, we only know 
that L* consists of the shortest geodesics among all closed geodesics. Hence length 
of each component might be different. 
Choose j~l+lQl 1 ar g e enough so that the dual link L* c M(L; P/Q) consists of 
the shortest geodesics and so that every isometry of M-L which extends to a 
homeomorphism of M (L; P/ Q) lies in E “,. Infinitely many such P/Q exist by the 
hyperbolic Dehn surgery theory and Lemma 7. We now have reached the last claim. 
Claim. Isom M( L; P/Q) = G. 
Proof. Recall that ET’, is contained in E,(,; P,oj. On the other hand, since every 
isometry of M - L which extends to a homeomorphism of M( L; P/Q) must be in 
EL by our choice of P/Q, we have the identity EMcL; plQj = EL. By the last claim, 
it is isomorphic to G. 
Take any isometry of M(L; P/Q), then since L* consists of shortest geodesics 
by the choice of P/Q, it leaves L* invariant. Thus Isom M( L; P/Q) = IL*. 
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. 
Recall that ILI injects to EMcr; p,oJ c Isom M-L by the map “rest” by Lemma 
5, and that E,+,CL; plQj injects to 1,* = Isom M (L; P/Q) by the map “ext” by Proposi- 
tion 6. Both are finite groups, and hence Isom M(L; P/Q) is isomorphic to 
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